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Abstract—Class E rectifier is suitable for high-frequency rec-
tification due to its soft-switching operation, which potentially
improves the efficiency of wireless power transfer (WPT) systems
working at MHz. In this paper, a robust optimization design
is discussed for a 6.78-MHz WPT system using the Class E
rectifier. In real WPT applications, the parameter variations
are possible to be originated from the misalignment of coils,
the change of load, and the varying equivalent resistance of
rectifying diode under different power level. In this case, a
robust optimization problem is formulated to find a solution of
system design variables that is both optimal and insensitive to
uncertainty of parameters. A genetic-based inner-outer algorithm
is applied to solve this problem, where an explicit trade-off among
efficiency and robustness is demonstrated in the optimization
results. In the final experiments, the analytical results are proved
to well match the experimental results. Compared with the
WPT system using the conventional design, the proposed robust
optimization can achieve an improved design with high efficiency,
which is also robust against the variations of working conditions.

I. INTRODUCTION

Wireless power transfer (WPT) at megahertz (MHz) is now
being considered a promising candidate for the mid-range
transfer of a medium amount of power [1], [2]. It is because
generally a higher operating frequency (such as 6.78 and 13.56
MHZz) is desirable for a more compact and lighter WPT system
with a longer transfer distance. Lots of researches have been
done on the design and optimization of WPT systems both at
component and system levels, including the improvements on
coupling coils [3]-[6], power amplifier (PA) [7], [8], and load
control [9], [10].

Due to soft-switching operation, the Class E rectifier is
a promising candidate for high frequency rectifications. The
application of the Class E rectifier in WPT system was first
investigated at an operating frequency of 800 KHz and an
efficiency of 94.43% was reported in [11]. A state-space-
based analysis of the class E? converter for WPT is presented
in [12]. In the aforementioned applications of Class E rectifier
in WPT systems, the resonant coils and rectifier are discussed
separately, where the resonance between coils is empirically
designed without consideration of the rectifier impedance.
However, the appearance of the input reactance of rectifier
cannot be neglected because it would detune the coupling coils
from the resonance especially when the working frequency
is as high as MHz. Meanwhile, in real WPT applications,
the variations of working conditions are commonly existed,

including the misalignment of coupling coils, the change of
DC load, and the varying equivalent resistance of diode under
different power level. Instead of addressing the peak efficiency
for power transmission, a compromised design with relatively
stable performance may be more desirable in consideration of
all the unpredictable variations of working conditions, namely
the robust optimization design.

Therefore, this paper devotes to the analysis and robust op-
timization of a 6.78-MHz WPT system with a Class E current-
driven rectifier against the varying working condition. Firstly,
the input impedance of the Class E rectifier is analytically
derived considering the on-resistance of the rectifying diode,
its forward voltage drop, and the equivalent series resistance
(ESR) of the filter inductor. Then the efficiency of the overall
WPT system including coupling coils and rectifier is further
formulated based on the input impedance of the Class E
rectifier. Using the analytical formulation of system efficiency,
the robust optimization design for the MHz WPT is provided
considering the variations of mutual inductance coefficient,
load resistance, and the equivalent parasitic resistance of the
diode. The theoretical design is finally validated in experiment
by using a 6.78-MHz wireless power transfer system. The
experimental results shows that the WPT system using the
proposed robust optimization can achieve the higher robustness
than that of the conventional design under the varying work
conditions.

II. MODELING AND ANALYSIS

The entire configuration of a 6.78-MHz WPT system is
demonstrated in Fig. 1, including a power amplifier, coupling
coil, and Class E rectifier. In this circuit, the power amplifier
are regarded as a 6.78 MHz power source. The efficiency of
the overall system is formulated analytically through circuit
analysis of coupling coils and rectifier, considering the power
loss in the self-resistances of coupling coils, on-resistance of
the rectifying diode, and equivalent series resistance (ESR)
of the filter inductor. The variations of system model are
further defined as interval-based uncertainties for robustness
analysis, in corresponds to the misalignment of coupling coils,
the changing of load together with the varying equivalent
resistance of rectifying diode.
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Fig. 1. Circuit topology of the overall WPT system.

A. Current-driven Class E rectifier

The circuit of the current-driven Class E rectifier in Fig. 1
consists of a DC filter inductor L, rectifying diode D,., a
parallel capacitor C,., and a filter capacitor C'y. The rectifier
is driven by a sinusoidal current source i,.. and the output
current to the DC load R; is Iy. The equivalent circuit of the
rectifier is demonstrated in Fig. 2, where . is used to denote
the equivalent series resistance (ESR) of the inductor L,.. The
rectifying diode D,. can be modeled as combination of forward
voltage drop and on-resistance in the on-state. The equivalent
resistance of the diode is defined as rp_ in consideration of
both the forward voltage drop and on-resistance. Note the input
impedance of the Class E rectifier can be derived by modeling
the diode as a equivalent resistance but out the combination
of forward voltage drop and on-resistance.
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Fig. 2. Circuit model of the Class E rectifier.

Typically, the filter inductor L, and filter capacitor C'y in
Class E rectifier are regarded as infinite large. The output
current I is then assumed to have a constant value, i.e. DC
current. Suppose the input current 4,... is pure sinusoidal with
operating frequency w and initial phase ¢y¢c,

Z'1“ec = Im Sin<wt + ¢rec)~ (1)

As shown in Fig. 3, the diode is on the off-state when 0 <
wt < 27(1 — D), where D is defined as the duty cycle of the
diode. The current across the diode ip_ can be represented as

wt € (0, 2w(1 — D)]

wt € (2r(1 — D), 2x].
2

Similarly, the current across the parallel capacitor C,. can also

be represented as a similar form.

{ Iy sin(wt + ¢ree) + Io
0

. 0
', = { L, sin(wt + ¢rec) + Io

wt € (0, 2w(1 — D)]
wt € (2r(1 = D), 2x].
3)

ic, =
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Fig. 3.
cycle.

The ideal current waveforms across the diode and capacitor in one

Since ip, is zero during the switching condition of diode,
i.e., wt = 2nm in (2), Iy can be solved as

Iy = —1Ip, sin ¢T€C' 4)
Hence, the on-state current of the diode is

ip, = Iy [sin(wt + ¢rec) —sin drec], wt € (27(1— D), 27].

&)
The voltage across the diode (vp,) can be defined as a
piecewise continuous function

’UDTZ{

Then, the off-state voltage vp, ,,, and on-state voltage vp
can be derived according to (3) and (5).

when 0 < wt < 27(1— D)
when 27(1 — D) < wt < 2.

vDr,off
UDr,on

(6)

r,on

1 t
UD, ops = a/{) ic,.dt,

UDr,on = lDr : TDT’

L,

UDrois = L0
T

UDyon = I, [Sin(Wt + ¢rec) - Sin((brec)} *TD,.- @)

[cOS Prec — COS(WE + Prec) — Wit SIN Dpree),

Based on the proposed analysis in [13], D and ¢,.. can
be determined by Kirchoff’s voltage law and the switching
condition of the diode.

14 27;?;37;7(7150)]2 —272(1 — D)? — cos 27D

C, =
2nw(R; + 1L, +7D,)

(8)
1 —cos2wD
sin27rD + 27(1 — D)’

©))

tan @rec =

Then the input resistance and reactance of the Class E rectifier
can be derived as follow

Ryee = QSin2¢TeC(RL +7rp,)+ 2erp,

1la+b

7 | wC,

(10)

Xrec = (11)

+7rp,(c+d)].



where w is the operating frequency and

a = m(1—D)+27(1 — D)sindreesin(dpec — 2 DYL2)
1 1
b = sin2xD + 1 Sin(2¢,ec — 4w D) — 1 Sin 2¢cc, (13)
1 2 2 — 47D
- = _ COS ¢7‘€C _ COS( ¢7’€C m )’ (14)
2 4 4
d = —Sin@pecsin(Prec — 2wD). (15)
D 1
e = 5 + Dsin®¢rec — — Sin Grec co8(Prec — 2mD)
T

1 3
+  —5in(2¢rec — ATD) + —8iN2Prec (16)
8 8

At last, the efficiency of rectifier is calculated considering
the power loss in the on-resistance of diode and ESR of filter
inductor [13].

Ry,
R +r L.t

Nrec = (17)

erp,. ?
in2
sin ¢’V‘EC

It is clear that the parallel capacitor C, is the only design
parameter, having influence on the efficiency of Class E
rectifier.

B. Coupling coils

In the conventional design of coupling coils, the resonance
at operating frequency is empirically addressed neglecting
the input reactance of rectifier. However, once the operating
frequency is as high as several megahertz, the appearance of
the rectifier input reactance would greatly detune the resonance
between coupling coils. Therefore, the derived input reactance
of rectifier in (11) are taken into consideration to retune the
coupling coils as shown in Fig. 4. Here, L;,, r¢z, Ly, and 7.,
are the self-inductances and self-resistances of the transmitting
coil and receiving coil, while C;, and C,., are the in-series
compensation capacitances of the coils. The mutual inductance
of the coils, i.e. L,, can be derived as

Lm =k V thL'r:ca

where k is the mutual inductance coefficient.

(18)
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Fig. 4. Circuit model of the coupling coils.

In Fig. 4, the input resistance and reactance of the coupling
coils, i.e., R.oi; and X ,;; can be derived directly by circuit
analysis

w2L2, (Rrec + Trs)
(Rrec + rrm)Q + (Xrec + WLTI - ﬁ)

Rcoil = 2 + Ttx,

19)

W?L2 (Xpee + Whiy — Wlm) 1

Xcozl = WLt;c (Rrec + 7"7'9:)2 + (Xrec + WLr:n _ ﬁ)g wctz .
- (20)

The efficiency of the coupling coils can be determined in

consideration of the in-series power loss in r, and 7.,

Rcoil
Reoit + Tra

Rcoil — Ttz

21)
Rcoil (

Tcoil =

Combining (17) and (21) yields the efficiency and power
factor of the entire WPT system in Fig. 1.

(22)
(23)

N = MNecoil * Nrec,

PF — Rcoil

\% Rgoil + Xcz'oil

C. Variation of model parameters

Based on the previous discussion, the efficiency of the WPT
system, i.e. 7 in (22), can be analytically addressed using static
circuit equations. But some parameter variations are common-
ly existed and difficult to measure in various applications,
including the misalignment of coupling coils and change of
DC load. Meanwhile, the equivalent resistance of the rectifying
diode under the different power level is another well accepted
variable. Besides the efficiency of WPT system, its robustness
against variations is another common evaluation of the system
design that is equally important. For the ease of formulation, it
is a reasonable approach to equate the unpredictable variations
by interval-based parameter uncertainties. Then, the proposed
WPT system can be formulated by static circuit equations with
uncertain parameters.

Indeed, the misalignment of coupling coils and change of
DC load are represented as variations of mutual inductance
coefficient k£ and load resistance R;, whose variation ranges
are also specified as

kmin < k < kmaa:v lein < Rl < leaz~ (24)
The equivalent resistance of the rectifying diode changes under
different power level due to the existence of the forward
voltage drop Vg, during the on-state of diode, which is
usually regarded as a constant value. Suppose the on-state
root mean square (RMS) current cross the rectifying diode
is Ip,, rms, the equivalent resistance of the diode, i.e., rp,
can be obtained as shown in Fig. 5.
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Fig. 5. Equivalence of the rectifying diode in its on-state.



Indeed, the following equations are assumed in the on-state
of diode.

Vdrop = IDT,'r‘ms ' Rdropa

D, = Rdrop + RD7 (25)

where Rg.o, can be considered as the virtual resistance re-
sulting from the forward voltage drop V.. It is a reasonable
linear approach to represent rp, as

Vdrop

D, = Rp + (26)

IDT,rms
Once the current across the diode is represented in (5), the
RMS current Ip, ;s can be derived using

1 27 9
Ip, rms = —/ 1%, dwt
21D Jor(1-D) br

The representation of Ip_ ,ps is shown in (28) which is a
function of not only the circuit parameters but also the input
current of rectifier, i.e., I,, in (1). Now that in (25), even
Virop and Rp are constant parameters, the value of rp, will
oscillate with respect to the change of system power level.
Then, the impact of power level can be uniquely embodied to
its influence on equivalent resistance of the diode. In order
for a robust design against power difference, rp, is also
equivalently defined as an uncertainty with variation interval.

(29)

27)

(TDT)min S D, S (TDT)maa:'

III. OPTIMIZATION PROBLEM

Combining (8)-(23), the efficiency n and power factor PF'
of system can be regarded as derived functions of all the circuit
parameters including

{w; Ltma Tta, er, Tra, TLra k7 Rl7 rDrv Ctza C’r’x; O’r‘}

(30)
The design variables X of the overall system include the in-
series compensation capacitors of the coils and the parallel
capacitor of the rectifier.

X = (Ct:cv 07'117 07)

The operating frequency and all the inductive coils are
assumed predefined with constant parameters P.

€29

(32)

While the uncertain parameters discussed in Section II-C are
defined as P.

P: (wa Lt:C7 Tta, L?":L‘a Tra, TL,-)-

P = (k, Rl, TDT)- (33)
whose variation range is restricted to
13 S (ﬁmina ﬁmax)
Pmin = (kmina leina (TDT)min)z
-Pmaac = (kma:m leaxa (T'Dr)mar)~ (34)

The efficiency and power factor of the overall system can
be represented as functions of design variables X, constant
parameters P and uncertain parameters P.

n=n(X, P, P),
PF = PF(X, P, P),

(35)
(36)

Suppose the nominal values of the uncertain parameters P
is Py, the efficiency and power factor for system with Py,
i.e., nominal efficiency and power factor, are defined as 7y
and PFy which are only functions of design variables X.

no = no(X) = n(X, PO)L

P, (37)
PF():PFO(X):PF(X? ?7 P0)7

(38)

A. Objective function

The optimization of the proposed WPT system searches
for the highest efficiency by proper assignment of the design
variables in (31). So the objective function f(X) is selected
as the nominal efficiency 7y defined in (37),

F(X) =no(X) =n(X, P, By), (39)
Then, the optimization result X * corresponds to the maximum
of f(X) in subject to the following constraints on robustness
and power factor.

B. Constraint on robustness

The robustness of a WPT system design can be described
as the variation of its efficiency with respect to the variations
of working condition, i.e. uncertain parameters. The robust
optimization tends to find an optimal solution that the value
of objective function is insensitive to the variation uncertain
parameters. Indeed, the constraint on robustness is defined
that the proportional variation of the efficiency (X, P, P)
with respect to the variations of P should be restricted to
an acceptable range, i.e., the robust index e, which is usually
based on specific requirement of a designer.

77(Xa ﬁv 15))_7I(Xa ﬁv 150)

—= <e.
7)(X7 Pa PO)

mazx 40)
P

In (40), smaller value of e always corresponds to higher
requirement on robustness.

C. Constraint on power factor

For a WPT system with higher power factor, lower input
voltage source is required to achieve a same power level on the
load. In this proposed topology, the power factor PF' should
be limited to avoid the appearance of high peak voltage in the
output of power amplifier in Fig. 1. Here, the uncertainties of
working conditions are also considered to guarantee sufficient
power factor under any possible parameter variations.

min PF(X, P, P)>é.
P

(41)

Similarly, ¢ is defined as the power factor index, which is
based on the design of power amplifier and requirement of
power level on the load. And larger value of § in (41) always
represents higher requirement on power factor.
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D. Problem formulation and solution

Combining the objective function in (39), the constraints in
(40), (41) and the uncertainties of circuit parameters in (34),
the entire robust optimization problem can be defined as:

min  f(X) =no(X) =n(X, P, Py),
X, P, P)- P P
st max ( ) ) )) 777(*~X7 Pa PO) <e,
P 77(X7 P7 PO)
min PF(X, P, P)>§
P
where Pe (ﬁmin, f’mam). (42)

In (42), the uncertain parameters exist in both constraint
functions. This parameter variation in optimization would lead
to a nested optimization structure. It can be seen that each
constraint function includes a so-called inner optimization with
respect to the variations of circuit parameters P. Here, the
inner optimizations are used to guarantee enough robustness
on efficiency while the constraint on power factor is not
violated under any possible variation of circuit parameters P.
Meanwhile, the outer optimization evaluates the performance
of each candidate solution X using the objective function
with nominal values of uncertain parameters. It is a typical
robust optimization problem which can be solved via inner-
outer optimization algorithms [14].

In this work, both the formulations in inner and outer
optimizations are not differentiable, where one intermediate
variable called duty cycle of diode, i.e. D in (8) is even
represented by an implicit function. It is a common sense that
gradient-based optimization algorithms are unable to address
the global optimum for problems with undifferentiable and
implicit objective and constraint functions. Instead, genetic
algorithm (GA) is applied to solve both the inner and outer
optimization. GA is one of the most popular population-based
heuristic approach, which could find the global or at least near-
to-global optimum. In consideration of the nature of the robust
optimization problem in (42), GA is an appropriate solver to
address the global optimal solution.

For each candidate X generated by the outer optimization
in (42), its feasibility will be checked in each constraint with
respect to the variation of P, where this X is treated as a
vector of constants and considered feasible only if both the
constraints are satisfied. In this way, the achieved optimal
solution not only has the best objective function value, i.e
highest power efficiency, among all the feasible candidate
solutions, but also robust in terms of efficiency and power
factor.

IV. DESIGN CASE

Based on the analytical derivation of WPT system, the
parameter design for a 6.78-MHz WPT system is discussed.

SeD . (28)

The values of all the constant parameters P in (42) are
specified in Table. I, while the nominal values and variation
range of all the uncertain parameters P are listed in Table. II.

According to (26), the variation of rp_ depends on the RMS
current across the diode. With respect to the voltage drop V.o
and the on-resistance Rp in Table. I, the variation range of
rp, in Table. II is selected in corresponds to a wide range of
input current.

rp, €1[0.7, 1.9] (43)

It implies

Ip, rms € [1.0, 4.0]. (44)

Note the Ip, ,ms is closely related to the power level of the
system. And the nominal value of rp_, i.e., 1.3  corresponds
to a rated RMS current of 1.6 A.

The power factor index ¢ is selected to be 0.3 in Table. I
as an example. Now that by assigning different values to the
robust index ¢, a robust optimization problem denoted by (42)
can be specified to address the optimal solutions of the design
variables X.

TABLE II
PARAMETERS WITH VARIED VALUES

P k R(Q) rp,. ()
Lower limits (Py,5,) | 0.1 10 0.7
Nominal values (Pp) | 0.2 50 1.3
Upper limits (Ppqz) | 0.3 100 1.9

Using robust optimization algorithm, the design results of
X and the resulting nominal efficiency 7, i.e., the value of
objective function, is listed in Table. III, where the robust
index, € is numerated from 0.15 to 0.25. It can be seen that
smaller value of robust index always leads to lower overall
efficiency, i.e., the value of cost function. The reason is that a
smaller value of e always corresponds to higher requirement of
robustness. And the trade-off between robustness requirement
and optimal solution always exists in robust optimization
problem.

TABLE III
PARAMETER DESIGN FOR A VARIABLE ROBUST INDEX

€ Ciz(pF) Cra(pF) Cr(pF) o
0.150 1522 190.4 F715  86.33%
0.175 185.2 198.0 416.1  87.22%
0.200 154.9 198.7 309.3  89.08%
0.225 160.0 190.0 1809  90.79%
0.250 166.1 210.2 62.2 91.93%

As an example, the robust index ¢ is selected as 0.2 in
the following experiment, which means that the variation of
system efficiency is required to be within 20 percent for any
possible value of uncertain parameters in Table. II. Based on
Table. III, the parameters used in experiment are

[Ciay Cray Cyr] = [154.9pF, 198.7pF, 309.3pF].  (45)



TABLE 1
PARAMETERS WITH CONSTANT VALUES

WMH?2) [ Lig(pH) | r2(Q) [ Lra(@H) | rra(Q) [ 70, () [ Varop(V) [ Rp(Q) [ 9§

6.78 3.34 0.7 3.34 0.7 0.2 1.6 0.3 0.3
And the theoretical value of nominal efficiency is shown in Fig. 6(b)(f). Smaller load resistance represents higher
1o = 89.13%. (46) input reactance of the coupling coils, which contributes to the

Before experiment, calculation results are carried out in
Fig. 6 for the efficiency and power factor with dual variations
among mutual inductance coefficient k, load resistance R;, and
equivalent resistance of diode 7p,. The nominal condition,
Py = (ko, Rio,7p,0) is marked by a red circle in all the
surfaces.
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Fig. 6. The calculation results based on analytical derivation. (a) Efficiency
with variations of k and R; when rp 1.3 Q. (b) Power factor with
variations of k and R; when rp_. = 1.3 Q (c) Efficiency with variations
of k and rp,. when R; = 50 Q. (d) Power factor with variations of k& and
rp, when R; = 50 Q. (e) Efficiency with variations of R; and rp, when
k = 0.2. (f) Power factor with variations of R; and rp, when k = 0.2.

It can be seen that the efficiency has a strong robustness
against the variations of parameters, while the constraint on
power factor is not violated. Referring to Fig. 6(a)(c), the
decrease of mutual inductance coefficient k£ would lead to
the decrease of the efficiency. The reason is that smaller &
would leads to a smaller input resistance of the coupling
coils, i.e. Rep; in (19), which would lead to higher power
loss on the in-series self-resistance of the transmitting coil 7,
as indicated in (21). Meanwhile, The load resistance is found
to have strong impact on the power factor of the system as

decline of power factor. In addition, the change of rp_ would
lead to larger variation of efficiency for system with smaller
load resistance as shown in Fig. 6(e). It is because more power
would be delivered to the diode with the decreasing of load
resistance based on (17).

In summary, the calculation results in Fig. 6 can match the
theoretical discussions above and reflect the fundamental prop-
erties of WPT system, which verify that the proposed design
in (47) is a satisfactory solution of the robust optimization
problem.

V. EXPERIMENTAL VERIFICATION

A 6.78-MHz WPT system is built up to verify the above
analytical derivations and parameter design via robust opti-
mization. This experimental system shares the same circuit
configuration with the one in Fig. 1. The power level of
the WPT system at the nominal work condition (kK = 0.2,
R, =50 Q, rp, = 1.3 Q) is 5W in the experiments. The
robust index e and power factor index ¢ are selected to be 0.2
and 0.5 as the examples, respectively. Based on the proposed
robust optimization given in section III, the optimal results X*
used in the experiment is calculated as follows,

[Ciay Cra, Cy] = [154.9pF, 198.7pF, 309.3pF].  (47)

Current (A)
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Fig. 7. Experimental and theoretical waveforms of the Class E current-driven
rectifier. (a) Diode voltage. (b)Diode current.

Fig. 7 shows the experimental results of the waveforms
of the Class E rectifier. The theoretical results of the diode
waveforms are also referred for comparison in Fig. 7. It can be
seen that the voltage waveform in experiment can well match
the theoretical derivation. The oscillation of the diode current
in experiment is due to the lead inductance of the additional
wire on the pin of the diode during the current measurement.
After the validation of rectifier performance, the efficiency
of the overall system is also carried out in experiment in
consideration of the variation of working conditions. As a
realization in experiment, & is varied by adjusting the distance
between coils and R; is tuned by adjusting the electronic load.
In the experiments, the varying k& and R; lead to the varying



Fig. 8. Experimental results. (a) The variation of rp,.. (b) Efficiency in the
proposed robust design. (c) Efficiency in the conventional design.

input power of the WPT system and then the varying rp,_
as shown in Fig. 8 (a). The experimental efficiency of the
WPT system using the robust optimization is measured as a
surface in Fig. 8 (b) under different mutual inductance and
load resistance, where the efficiency under nominal condition
is also marked as a red circle. For the comparison purpose,
the efficiency of the conventional design is also shown in
Fig. 8 (c). It can seen that the proposed robust optimization
is superior both in terms of the efficiency and robustness. All
experimental results above indicate that the proposed design
using robust optimization can provide a stable system with
respect to the variation of parameters (k, R;, rp,.).

VI. CONCLUSIONS

This paper discusses the design of a WPT system with the
Class E rectifier. Both the efficiency and robustness of the
WPT system are emphasized to meet the common require-
ments in real applications. The overall system is first solved
as circuit equations through analytical derivation. Specifically,
the mutual inductance coefficient, load resistance, and equiv-
alent resistance of diode are regarded as uncertain parameters
in consideration of the robustness against the variation of
working conditions. The system parameters design is then
formulated as a robust optimization problem in search for the

optimal efficiency with constraints on power factor and robust-
ness. Both the calculation and experimental results validate
the outstanding performance of the proposed system design in
comparison with the conventional design for the MHz WPT
system. The successful application of robust optimization
for the 6.78-MHz WPT system indicates its feasibility and
potential on power system design.
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